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1. Introduction 

The following is a theorem announced by Bondal [B] : 

Theorem 1.1. Let X be a complete n- dimensional toric variety. There is a full 
embedding of dg categories 

k : Vevi(X) ^ Sh(R n /Z n ) 

where 

• 'Perf(X) denotes the dg triangulated category of bounded complexes of vector 
bundles on X (the so-called perfect complexes) 

• Sh(W n /Z n ) denotes the bounded derived dg category of sheaves on IR™/Z rl . 

Bondal considered the case where X is smooth, so that Peii(X) coincides with 
the usual bounded derived category of coherent sheaves. A natural problem is to 
identify, for a given toric variety X, those sheaves on R™/Z™ of the form k(£) for 
£ £ -P erf(X) 

In [FLTZ] we considered an equivariant version of theorem 11.11 we gave a full 
embedding n of "Perf^^O into Sh(R n ), where Veiir(X) denotes the category of 
T-equi variant perfect complexes. In this setting we were able to identify the image 
of k as the category of constructible sheaves with compact support whose "singular 
support" (a notion of |KSj ) is contained in a certain subset As C T*R". The set 
As is stable under Z"-translation — denote its image in T*(R n /Z n ) by As- It is 
natural to conjecture that the image of k consists of all sheaves on T*(Mr/M) 
with singular support in As. 

The purpose of this paper is to discuss this conjecture. In section [2] we do some 
bookkeeping to show that the techniques of [FLTZ suffice to construct k, prove 
Bondal's theorem, compare k with its equivariant analogue k, and verify a key 
functoriality result. In section [3j we construct a functor from Sh c (M. n /Z n ; As) to 
the bounded derived category of coherent sheaves on X. This functor should be 
quasi-inverse to k, and we discuss the obstacles to proving this. In section IH we 
give a class of smooth toric varieties for which k can indeed be shown to be an 
equivalence. 

Acknowledgements: Many of the results of this paper were known to Alexei 
Bondal in or before 2005 [B . I am very grateful to Bohan Fang, Chiu-Chu Melissa 
Liu, and Eric Zaslow for a happy collaboration. 



Notation and conventions. We use the notation and conventions of |FLTZ) . 
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2. 6-SHEAVES IN A NONEQUIVARIANT SETTING 

In jFLTZ] . we introduced objects 0'(ct,X) G Qt(X) and @(a,X) G Sh c (M R ). 
For a C TVr a cone and x C Mr an integral coset of a 1 - , we set 

e(<r,x) = ((X + ^ V )° A/ R )!Ot[dim(M R )] 

e'(<7,x) = (x a ^x)Mx) 

The functor k is determined by the formula k(Q'(ct, %)) = 0(cr,x). In this section 
we modify the definitions of these "0-sheaves" for nonequivariant use, and verify 
that the main results of |FLTZ1 Section 3] go through. In fact all of the results in 
this section are essentially consequences of the equivariant results of loc. cit. 

2.1. The category C(S) and the sheaves 9 and O . The set of pairs (er,%) is 
denoted by T(S, M). It is endowed with a partial order by 

(a, $ < (t, VO if 4> + cr v C i/> + r v 

This poset carries an action of the group M, just by translating the second coordi- 
nate. We can form a kind of quotient, which is a category we call C(S): 

Definition 2.1. Let £ be a rational polyhedral fan in Nr. 

(1) Let C(S) be the following category: 

• The objects of C(S) are the cones in £. 

• The horn sets are given by 

Horn (rrr\-f ^ ° M)/(T± ° M) if ^ C ^ 

Hom C ( S )((7,r)-| otherwise 

• The composition law is induced by the addition maps 

((T v n M) x (r v n M) ->• (u v n M) 

whenever cr v C t v C w v . 

(2) Let (C(E))r denote the R- linear category spanned by C(E). 

Note that we have a functor from the poset T(E, M) to the category C(S) defined 
in the following way: 

• The object (cr, x) maps to the object a 

• Whenever (a, < (r, -0) in the partial order, the unique map from (cr, <f>) 
to (r, ip) gets sent to the map <j> — ij) G (r v n Af)/(r ± n M) where <?!> is the 
r^-coset spanned by the c^-coset (f>. 

Let p denote the map Mr — > Mr/M , and let forg denote the forgetful functor 
Qt(X) —> Q(X). For each a G S, fix a coset x of cr- 1 and set 

9(a) = pi@(a, X ) 
e'(cr) = forg(e(a )X )) 

These objects are independent of x> up to a unique quasi-isomorphism. 

Remark 2.2. The sheaves 9(<r) £ Sh(M%/M) have infinite-dimensional fibers, 
but they are still constructible in the weak sense that they are locally constant 
on some stratification of Mr/M. Let us call sheaves with this property quasicon- 
structible, and denote the full triangulated dg subcategory of Sh{Ms,/M) consisting 
of quasiconstructible sheaves by Sh qc {M^/M). 



THE NONEQUIVARIANT COHERENT-CONSTRUCTIBLE CORRESPONDENCE 3 

The assignments a i-> 0(c) and a M> 8 (<j) may be extended to fully faithful dg 
functors (C(S)) R -> Sh qc (M M /M) and (C(E)) R -> Q(X), as follows. If cr and r 
are cones with cr v C r v and x is an element of r v n M, let / CTjT ,x denote the map 
0(a) — ?• O(r) obtained by pushing forward the inclusion 0(<7, x) ©( r i0) under 

pi. Similarly, let f' aTX ■ ©'(f) — ► © (r) be the image under forg of the inclusion 
0'(a,x)^0'M).' ' 

Proposition 2.3. Lei ct and r &e cones in E. TTien 
(1) 

Ext (0(a), 0(t)) = Q L 



(2) 



Ext^e'^),©'^)) 



R[r v n M] j/ i = and a v C t x 
otherwise 



When the Ext group is nonvanishing, the identifications with R[r v n M] are 
given by / CT , T , X >->• x and T >x i-> %. 

Proof. We have 

/iom (©»,©») := Aom(pi (0(cr, X )), ©») = hom{@{a, x),p ! ©») 

The maps p ! 0(r) — > 0(r, £), for £ 6 M, define a quasi-isomorphism p- (0(r)) = 
® ?eM Q(r, £). Thus we have 

/wm(5((r),S(T)) = hom(e(cr,x),e(r,0) 

Part (1) now follows from proposition 3.3 of |FLTZ) : part (2) may be proved simi- 
larly. □ 

Theorem 2.4. Let X be a toric variety with fan E. Let (0) C 57i c (Mr) and 
(©') C Qt(X) denote the full triangulated dg subcategories generated respectively 
by the objects © and 0', and let n : (0') — > (0) be the quasiequivalence of [FLTZ1 
Theorem 3.4]. Let (0) C Sh qc (M R /M) denote the full triangulated dg subcategory 
generated by the objects ©(a), and let (0 ) C Q(X) denote the full triangulated 
subcategory generated by the objects Q'(<7, x). There exists a quasi- equivalence k : 
(0') — S> (0) that makes the following diagram commute up to isomorphism: 

<©') — (©) 

forg P< 

<©'> -r <®> 

Proo/. By proposition 12 . 31 the functors C(E) R — > Sh qc (M R /M) : a i— > 0(a) and 
C(E)r — > Q(X) i (j i — y © (cr) are fully faithful. Therefore there is a diagram of 
quasi-equivalences 

(©') T 7V(C(E) R ) ^ (0) 

where Tr denotes the triangulated envelope of C(E)r. We let k be the compo- 
sition. The diagram in the theorem commutes because the following diagram of 
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quasi-equivalences, in which the top row defines k and the bottom row defines k, 
commutes by definition: 



<9'}^ 3V(r(S,M) R ) 

forg 



(6') 



Tr(C(S) R ) 



P! 

(6) 



□ 



2.2. Functoriality. Recall jFLTZi 3.6] that to a fan -preserving map / : N± — > N 2 

between (N\, Si) and (N2, E 2 ), we associate a morphism of toric varieties u — Uf : 
Xi — > X 2 . We also have the map v = Vf : M 2j r — > M^r, which descends to a map 
M 2j k/M 2 —> Mi^/Mx. We abuse notation and denote this map by v as well. 



Theorem 2.5. Let f be a fan-preserving map from Si C iVi jg £0 S 2 C -/V 2j r 
Suppose that f furthermore satisfies the following conditions: 

(1) The inverse image of any cone cr 2 C S 2 is a union of cones in Si. 

(2) / is infective. 

Let u and v be as above. Then 

(1) The pullback u* : Q(X 2 ) Q(Xi) iafces (9'} 2 to (e')i- 

(2) TTie pushforward v\ : Sh{M 2 ,w/M 2 ) -> S/i(Mi, R /Mi) carries (6} 2 £0 (9)i. 

(3) The following square of functors commutes up to natural isomorphism: 



<e') 2 (e) 2 

u* v. 



Proof. We will construct a natural transformation t : wok 2 kiou*, and conclude 
that I is a quasi-isomorphism by appealing to the fact that it is a quasi-isomorphism 
in the equivariant setting. It suffices to define I on the generators (a). We have 
natural quasi-isomorphisms 

V[ o7c 2 (e'(cr)) =w9((T)[(i] = wp 2! e(cr,0)[d] ^ pm^cr, 0)[d] 
Ki o u*(e'(cr)) ~Kio forg(u*9'(cr, 0)) = pi,KiW*e'(cr, 0) 

We may therefore define I to be the image under pw of the equivariant analog 
l : v\ o k 2 — > m o u* defined in the proof of |FLTZ[ Theorem 3.8]. Since t is a 
quasi-isomorphism, so it I. This completes the proof. □ 



As in the equivariant case [FLTZ1 Example 3.12], applying the theorem to the 
diagonal map A:I-)IxI shows that k induces an equivalence of monoidal 
categories h(Q) —> h(Q }, where the tensor structure on (9) is the usual tensor 
product of quasicoherent sheaves, and the tensor structure on (9 ) is given by 
convolution. 
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2.3. Perfect complexes and As-sheaves. By studying the Cech complex we can 
see that the category (8 ) contains Verf(X). 

Proposition 2.6. Let X be a toric variety with fan E. If £ is a vector bundle on 
X. then £ is quasi-isomorphic to a bounded complex of quasicoherent sheaves of the 

Proof. The proposition is clear for trivial vector bundles. Moreover, if the propo- 
sition is true for £ © 0®", then it is true for £ , since the latter is the cone on a 
map 

0® n -+£@ 0® n 

Now recall the fact that on an affine toric variety, every vector bundle is stably 
trivial. (In fact, it is known that every vector bundle on an affine toric variety is 
actually trivial, [G]). Thus we may find n such that £ © O n admits a trivialization 
over every chart. It follows that in the Cech complex for £ © O n we may write each 
term as @ 4 O(cri). This completes the proof. □ 

In contrast, we do not know if the category S7i c (Mr/M; As) is contained in (0). 
However we can show 

Proposition 2.7. The image ofVeri under k is contained in S7i c (Mr/M; As) 

Proof. The strategy is similar to that of the proof of }FLTZ| Theorem 7.1]. We use 
the functoriality results of section l2~2l to reduce to the case where X is smooth and 
projective. In that case, Vert(X) is generated by line bundles. Every line bundle 
can be given an equivariant structure, so that from the square of theorem 12.41 we 
have ~k(£) — p\n(C') where C is an equivariant line bundle. We showed in [FLTZj 
that F = k(C') has compact support and that SS(F) belongs to As- It follows 
that SS(p\F) C p(A E ) = A E . □ 

3. A CANDIDATE INVERSE TO K 

The results section [2. 31 give us a commutative square: 
Vert T (X) !U- SMM R ;A E ) 

forg 

Verf(X) Sh c (M m /M; A E ) 

We have seen that the rows in this square are fully faithful. In |FLTZj we showed 
that the top row is a quasi-equivalence of dg categories. To show that a sheaf F on 
Mr is in the image of k, we inducted on, roughly speaking, the number of "critical 
values" that F has with respect to linear functions Mr — > R. We believe that the 
bottom row is a quasi-equivalence as well, but there is no simple generalization of 
the same induction argument: real- valued functions on a torus are more complicated 
than linear functions on Mr. 

In this section, we see how far some easier arguments can go toward establishing 
the essential surjectivity of k. We construct a functor p : 57i(Mr/M) — > Q{X) 
which when restricted to Sh c (M^/M; As) should be a kind of inverse to k. More 
precisely we show that p o k takes a perfect complex £ to the dual perfect complex 
£ v = hom (£. 0), and we use this to make some statements (corollarv l3.6|) equivalent 
to the essential surjectivity of k. 
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Before defining p, we discuss duality. Write £ i-> £ v for the natural duality 
functor (i.e. £ v = horn(£,0)) on 'Perf(X) and write T> for the Verdier dualizing 
functor on Sh c (M M /M). Note that V composed with the map -1 : Mg/M -> 
M R /M preserves the subcategory 57j c (M e /M; A E ). The proof of |FLTZ[ Theorem 
7.4] establishes the following 

Theorem 3.1. There is a natural isomorphism 

k(£ v ) Si -V(k{£)) 

We will also need of variant of Gordon's lemma. Let cr v C Mr be a rational 
polyhedral cone. For each x G Mr, consider the coset x + M of M C Mr, and 
construct the R[cr v n M] -module whose underlying vector space has a basis given 
by the points of (x + M) n (cr v )°, and where the R[<r v n M] action is given by 

' [x + Z + x] ifar + f + xG (* v )° 
otherwise 



X • N + £] = 



Lemma 3.2. The R[cr v n M]-module just described is finitely generated. 

Proof. The proof is similar to the proof of Gordon's lemma given in |Ful p. 12]. 
Since R[cr v DM] is a tensor product of RJ^nM] and R[cr v /cr- L nM/^ 1 HM)], we 
may reduce to the case where cr v is strongly convex (i.e. to the case where a C Nr 
is full-dimensional). Let ui,...,u s be vectors in M whose R>o-span is all of cr v , 
and let K = | < i,- < 1}. Since X is compact and (x + M) n (cr v )° is 

discrete, the intersection K<1 (x + M) n (cr v )° is finite. We claim that this finite set 
generates the module. To see this, note that we can write any u G (x + M) PI (c v )° 
as ii — rriiUi + tiUi with rrii G Z and G [0, 1). Putting X = S witU*, we have 

For every vector bundle f on X, the vector space Hom(f , 9 (cr)) is a module 
over the ring End(0 (cr), O (cr)) = R[M n cr v ]. This module is naturally identified 
with the R[M n cr v ]-module associated to the vector bundle £ v \x a on the affinc 
variety X a . Then £ v is quasi-isomorphic to Cech complex 

0ic io *Hom(£,e / (C io )) j Clo nc n *Hom(f , e'(C l0 HCjJ 

io io<il 

where C\, . . . , C v is some ordering of the maximal cones in E. 
This motivates the following definition: 

Definition 3.3. For F G >S7i(Mr/M), let p(F ) be the total complex of the bicom- 
plex 

@3C ia *hom(F,e(C io )) -> jc io n Cil *hom(F, Q{C l0 flC.J)^- 

i io<ii 

where each hom(F, 6(cr)) is regarded as a complex of quasicoherent sheaf on X a = 
Spec(End(9(cr))), pushed forward along the inclusion X a <-t X. 

Remark 3.4. It might be more natural to consider the covariant functor which 
sends F to the quasicoherent sheaf glued together from the End(9(cr))-modulcs 
given by hom(S, F * 8(cr)). When F is constructible, this construction coincides 
with p(—T>(F)). The construction we have given avoids the convolution product *. 

Theorem 3.5. (1) We have p(n(£)) = £ v for all perfect complexes £. 
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(2) If F £ Sh c (M^/M), then p(F) is quasi-isomorphic to a bounded complex 
of coherent sheaves. 

Proof. The first assertion follows from the existence of a Cech resolution and from 
proposition 12.31 To prove the second assertion, we can make two reductions: 

• It suffices to show that hom(F, O(er)) is a perfect complex of End(8(er))- 
modules for each a. 

• We may furthermore assume that F is a costandard sheaf on the star of a 
simplex in some triangulation of Mr/M, and we may take this triangulation 
to be as fine as we wish. 

When F is such a costandard sheaf, the space hom(i 7 ', 8(a)) is isomorphic to the 
stalk of 9(a) at some point x £ Mr/M. We therefore have to show that <d(cr) x is a 
finitely-generated End(0(cr))-module. By the proper base change theorem, we have 

0(0% = ® y eM m \p(y)=x (°"> °)y = R [(°" V )° ( x )\ ■ This is the module considered 
in lemma 13.21 which completes the proof. □ 

Corollary 3.6. For a smooth, complete toric variety X with associated fan S, the 
following are equivalent: 

(1) k : Veri(X) — > «57i c (Mr/M; As) is a quasi- equivalence. 

(2) If F £ Sh c (M R /M; A s ) and p(F) = 0, then F = 0. 

(3) If F £ Sh c (M R /M; A E ) and hom{F,Q(cr)) = for all o, then F = 0. 

Proof. If k is a quasi-equivalence, then F = k(£) for some perfect complex £, and 
we have p(F) = £ v . Thus p(F) = implies that F = n{£) = 0. This shows that 
(1) implies (2). Conversely, if (2) holds then k is essentially surjective, and since 
we have already shown it to be fully faithful (1) holds as well. To show that (2) is 
equivalent to (3), note that p(F) vanishes if and only if p(F)\x a vanishes for all a. 
But by definition p(F)\x a is the quasicoherent sheaf associated to the complex of 
End(6(cr))-modules hom(F, Q(a)). 

□ 

Remark 3.7. If the variant of p described in remark HOI can be shown to respect 
the monoidal structure (i.e. to intertwine the convolution and tensor products) then 
the smoothness hypothesis of corollary 13.61 could be removed. Indeed, the objects 
of Sh c (M R /M; A s ) are strongly dualizable (see |FLTZ[ Proposition 7.3]), so in that 
case their images under p would also be strongly dualizable and therefore perfect. 

Remark 3.8. The statement (3) of the corollary is similar to, but not obviously 
stronger or weaker than, conjecture 5.8 of [FLTZ . 

4. TORIC VARIETIES FROM UNIMODULAR ZONOTOPES 

In this section we describe a class of toric varieties for which the conditions of 
corollary 13.61 hold. Let Y be a manifold and let A C TT be a conical Lagrangian. 
One of the things that makes working with Sh c (Y; A) difficult is the lack of a good 
collection of generators for the category. However there are certain kinds of conical 
Lagrangians for which some generators can be found. Here we classify those E for 
which As is the conormal variety to a Whitney stratification of Mr/M, in which 
case the costandard sheaves on strata generate. 
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Remark 4.1. Already in [Bj, Bondal found a more general class of fans E for 
which Ver{(X) is equivalent to the category of sheaves that are constructible with 
respect to a non- Whitney stratification of Mr/M. It is possible to find generators 
of Sh c (Mg./M; As) for these examples as well (in fact they are described in [B]). 
but here we consider only the Whitney case. 

Definition 4.2. A projective toric variety X is called zonotopal if either of the 
following equivalent conditions hold: 

(1) Let A C Mm denote the moment polytope of X with respect to some 
polarization. Every face of A is symmetric about its barycenter. 

(2) Let E C Nr denote the fan associated to X. Then E is exactly the fan of 
chambers associated to a hyperplane arrangement in TVr. 

(See [M] for a proof that these conditions are indeed equivalent.) A zonotopal toric 
variety of dimension n is called unimodular if any n linearly independent vectors 
chosen from the generators of the rays of E form a Z-basis for M. 

For example, both P 1 x P 1 , and the toric variety obtained from P 2 by blowing 
up the three torus-fixed points are zonotopal and unimodular. The toric variety 
obtained from P 1 x P 1 by blowing up the four torus-fixed points is zonotopal, but 
not unimodular. Unimodular toric varieties are always smooth. 

Let % be the arrangement of affine hyperplanes in Mr that pass through a 
lattice point and that are orthogonal to one of the rays in E. This arrangement is 
periodic — i.e. invariant under translation by lattice points — and induces a periodic 
polyhedral cell decomposition of Mr: 

Definition 4.3. Let % be a periodic hyperplane arrangement in Mr. Define a 
filtration %w of Mr as follows: 

(1) = Mr 

(2) £ £ H^> if and only if £ belongs to the intersection of at least i distinct 
hyperplanes in the arrangement, and these hyperplanes can moreover be 
chosen to have normal crossings. 

This filtration is a Whitney stratification of Mr; we will denote this stratification 
by U. 

Theorem 4.4. Let X be a smooth projective zonotopal toric variety, with fan 
E C Ar. LefH be the corresponding stratification o/Mr. If X is unimodular, then 
the characteristic variety A% C T*Mr = Mr x Ar of the stratification H is exactly 
A s : 

A«=A S := |J |J( x + ^)x(-<7) 

Proof. From the results of |FLTZ) . it is clear that As C A% for any fan E, since 
every sheaf in Sh cc (M R ; As) is constructible with respect to the stratification H. 
We will show that A-^ c As- 

For £ € Mr, set A w ^ = A n n {£} x N R and A E ,j = A s n {£} x N R . To prove 
the theorem it suffices to show that A%.£ = As.j for all £ € Mr. Suppose that 
£ £ T-L^ 1 ' —W t+1 \ so that there exist hyperplanes Hi, ■ ■ ., -Hj such that locally near 
£ the stratum containing £ coincides with £ + Hi D • • • Pi Hi. (The definition also 
requires that the affine hyperplanes £ + Hj coincide with affine hyperplanes of the 
form Xj + Hj, where \j is a lattice point.) Then, by definition, x belongs to A-^ 
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if and only if (A, x) — for all A £ Hi n ■ ■ ■ D Hi. On the other hand, x belongs to 
As,{ if and only if the following holds: there exists a cone a such that (£, — ) takes 
integer values on a (~l M and such that — x € a. 

Each of the hyperplanes Hi is perpendicular to one of the lines ii in E. (This 
line is a union of a ray in E and its antipode, which is also a ray.) Suppose that x 
belongs to A-j^f, so that x is perpendicular to the intersection H\ H • ■ • fli/j. Then 
x belongs to the sum l\ + ■ ■ ■ + 1%, which is a linear space. By the hypotheses on 
the fan, this linear space necessarily contains a cone a with x G —a. To show that 
j C As,f , it remains to show that £ takes integer values on aDM, or equivalcntly 
on (£i + • • • +£i) flM. Let be a generator for ^ n M = Z. Since X is unimodular, 
{xt, . . . , Xi} forms a Z-basis for (ii + • • • + 4) n M, and (£, ay) = (xj> x j) & ^ I0r 
each j. This completes the proof. 

□ 

Corollary 4.5. // X is a smooth projective zonotopal toric variety, then 

k : Verf(X) -> Sh c (M K /M, A s ) 
is a quasi- equivalence of dg categories. 

Proof. We have already shown that k is fully faithful. We will show that it is 
essentially surjective by showing that is generated by certain costandard sheaves 
which are in the image of k. 

Since As is the characteristic variety of the Whitney stratification Ti, we may 
identify S7i cc (Mr; As) with Sh cc (MR]'H) — i.e. with the dg category of compactly- 
supported sheaves that are constructible with respect to %. Similarly, we may 
identify Sh c (Ms./M; As) with the dg category of sheaves that are constructible 
with respect to %. Since each stratum of T-L and T-L/M is contractible, it follows 
that Sh cc (M^; As) and Sh c (M^/M; As) are generated by the costandard sheaves 
i\R, where i denotes the inclusion of a stratum. Since every stratum of Mr/M is 
covered by a stratum of Mr, to show that costandard sheaves are in the image of 
~k it suffices to show that costandard sheaves are in the image of n. But this is a 
consequence of the main theorem of [FLTZj . □ 

References 

[B] A. Bondal, "Derived categories of toric varieties," in Convex and Algebraic geometry, Ober- 
wolfach conference reports, EMS Publishing House 3 (2006) 284-286. 

[FLTZ] B. Fang, C.-C.M Liu, D. Treumann, E. Zaslow, "A categorification of Morelli's theorem," 
preprint. 

[Fu] W. Fulton, "Introduction to Toric Varieties," Ann. Math Studies (1993). 

[G] I. Gubeladze, "The Anderson conjecture and projective modules over monoid algebras," Soob- 

shch. Akad. Nauk. Gruzin. SSR 125 (1987), no 2, 289-291. 
[KS] M. Kashiwara and P. Schapira, "Sheaves on Manifolds," Grundlehren der Mathematischen 

Wissenchafte 292, Springer- Verlag 1994. 
[M] P. McMullen, "On zonotopes," Trans. Amer. Math. Soc. 159 (1971), 91-109. 

David Treumann, Department of Mathematics, Northwestern University, 2033 Sheri- 
dan Road, Evanston, IL 60208 

E-mail address: treumannSmath.northwestern.edu 



